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1. INTRODUCTION 
Consider the family of problems (PA), h > 0, consisting of the equation 
(1.1) 
where 
u E cy- co, co), a(0) = 0 and +3 > 0, (1.2) 
the initial condition 
w(x, 0) = %(X>, (1.3) 
where o, E C2(0, 1) and v,(O) = w,,(l) = 0 and the boundary condition 
w(0, t) = w(1, t) = 0. (1.4) 
We show the existence of a unique smooth solution of problem (PA), h > 0, 
(Section 2), and with additional hypotheses on a we show the convergence of 
these solutions to the unique weak solution of the quasilinear parabolic 
problem (I’,,) (Section 3). 
The existence of unique weak solutions of general quasilinear parabolic 
problems (with vanishing initial conditions) has been considered in [2] 
under weaker hypotheses than ours. The advantage of our approach to 
problem (P,,) is the connection it affords between (PO) and the third-order 
problems (PA). 
One area in which the family of problems (5) arises is the study of shearing 
flows of incompressible simple fluids. The quantity a(~,) + Awzt can be 
viewed as an approximation to the stress functional during such a flow. Much 
attention has been given to this approximation when (r is linear (see Refs. 
[3, 4, 7, 81). The convergence question in the linear case has been considered 
in [7] and amounts to a comparison of shearing flows of a Navier Stokes fluid 
and certain second order fluids. 
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2. EXISTENCE AND UNIQUENESS FOR X > 0 
By a solution of problem (PA), h > 0, we mean a function v E P(D), 
D = (0, 1) x (0, co), with the properties that v,, and D,~, are continuous in 
D, that (1.1) holds for every (x, t) E D, that ~1 and all of the above indicated 
derivatives can be extended continuously to [0, 11 x (0, co) and that (1.3) 
and (1.4) hold. The existence and uniqueness of a solution is a consequence of 
the contractive mapping principle. The idea is to solve (1 .I) for v, . Indeed, 
for each t, (1.1) is an ordinary differential equation for vt satisfying 
v,(O, t) = v,(l) t) = 0. Consequently, 
‘dX, t, = - (f) j’&‘(x, 6) & u(v,([, t)) d[, 0 
(2.1) 
where g is the Green’s function for the problem y” - (l/X) y = f, 
y(O) = y(l) = 0. Since g(zc, 1) = g(z, 0) = 0, an integration by parts of the 
right hand side of (2.1) an d an integration with respect to t yields 
v(x, t) =v(x, td + (f) r:,,: $g(x, 5) 445 4 dt dT. (2.2) 
Thus, 
0, = Lt’(va) = g Ic’(v,), 
where Ktl(vz) is the right hand side of (2.2). The next lemma gives the 
estimate necessary to apply the contractive mapping principle to Lt. Let 
// v ]I (t) = (11 v2(x, t) dx)“’ and j v 1 (t) = sup ] v(x, t)l . 
~WJI 
LEMMA 1. If v is a solution of problem (P,), X > 0, then I v, I (t) < A, 
where 
A= j: [(+) h,‘C4)2 + (vW)~] dx. 
Proof. Multiplying each side of (1.1) by v,, and integrating over 
[0, l] x [0, to], we have 
j; j; [v:,d(v,) + (;) 2 v:=] dx dt = jr j: vtv,, dx dt. 
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Integrating the right hand side of the above equation 
(1.4), we have 
by parts and using 
2 j:“,: vp,, dx dt = ,: [v;(x)]~ dx - j: vz2(x, t,) dx. 
By (1.2) the above two equations imply 
x II v,, II2 (to) + II vz II2 (4J G j: [WW” + ww2] f&x* 
Since ~(0, t) = v( 1, t) = 0, we deduce 
I 0, I (4 < II fJa!x II (0 
(2.3) 
Thus, (2.3) implies ) v, 1 (t) d A. 
THEOREM 1. There exists a unique solution of problem (PJ, A > 0. 
Proof. Consider C([O, l] x [t, t + a]), the linear space of continuous 
functions defined on [0, I] x [t, t + a]. Equipped with the norm 
I w It.u = cw,EroY~~ [t,t+a] I w(xy t)l ’ 
this is a Banach space. Let a: be the smaller of 
where 
With this choice of 01, it is a straightforward matter to show that Lo is a con- 
tractive mapping of 
M,, = @ E C(P, 11 x P, 41 I w - vo’ 1o.a d 4, 
a closed subset of C([O, I] x [0, a]), into itself. Thus, there exists a unique 
fixed point w = LO(w). The solution of (P,) on [0, l] x [0, a] is 
v(x, t) = - j’ ~(5, t) d[. 
5 (2.4) 
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Indeed, since ~(1, 5) = g,( I, [) =~ 0 and v,,(l) =- 0, 
Therefore, v(x, 0) = v,,(x) and, since v,(O) = 0 and g(0, 6) = g,(O, [) = 0, 
~(0, t) = 0. Moreover, ZJ’, = w and 
Vt(X, t) = g KO(v,) (x, t) 
1 
- OS _ - -. ’ &, 4) & 44E, t)) d5, A 0 
which implies (1.1). Th e constant OT has been chosen so that Lna is a con- 
tractive mapping of 
K = @ E WA 11 x b, (n + 1) 4)l I w - %c(‘, n&&, < 4 
into itself. The theorem follows by induction. 
3. CONVERGENCE 
Let H be a Hilbert space over the reals with inner product (,). We denote 
weak convergence in H by -. 
DEFINITION. A nonlinear map A from H into itself is monotone if for 
every u and v in H 
(Au-Av,u-v)>O. 
DEFINITION. A map A from H into itself is hemicontinuous if for every u 
and v in H, 
t E [0, l] + (A@ - tu + to), u - v)) 
is continuous. 
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The following theorem due to Brezis [I] is the basis of our convergence 
proof: 
THEOREM 2. If A : H + H is a monotone hemicontinuous map and ;f, as 
h-0, Us--u and 
then Au” - Au. 
lim sup(Au”, Us - u) = 0, (3.1) 
Let R = [0, l] x [0, t]. Consider the completion of 
K={UEC=J(R)IU(O,S) =u(l,s) =O} 
with respect to the norm (/ u 11: = (u, u)i , where 
(u, w>l = 11,: (uv + u,w, + w) dx dt. 
With the usual identification of functions this set is a Hilbert space St . We 
now introduce a notion of trace operator on %t : 7g : Cm(R) -+L2(0, l), 
0 < s < t, is defined by flu = U(X, s). We can extend this linear map to 
.z?~ (or the completion of C”(R)) since there exists C > 0, independent of 
u E C”(R), such that 
s 
1 
u2(x, s) dx d C II u IL . 
0 
Indeed, 
u2(x, 4 d 2u2(x, a> + 2 (jl U&G 4 dv)’ 
which leads to 
tu2(x, s) < 2 f: u2(x, a) da + 2t2 1: zQ(x, 7) dv. 
An integration with respect to x yields the result. 
DEFINITION. er E St, is a weak solution of (PO) if T,V = w. and for every 
w E % , t E (0, fol, 
’ IS ’ [wwt + w&w,)] dx dt = 0. 0 0 (3.2) 
If w is a smooth solution of (PO), then 7ow = w. and (3.2) are obviously 
satisfied. Hence, the above is a reasonable definition of weak solution. 
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For each u E Hi, consider the linear functional Au defined on Zi by 
(i2~, v) -:. jlj: zl,Cr(U,) dx dt. 
Assumptions. (a) (Au, .) IS continuous and, consequently, Au can be 
identified with an element of JZ’~ , 0 < t < to . 
(b) u + Au E Zti is a monotone hemicontinuous map, 0 < t < to . 
Remark. These assumptions are quite restrictive when compared to the 
hypotheses of the previous section. Sufficient conditions for (a) and (b) are 
(1.2) and the H6lder condition 
for some /I E (0, I]. (a) is then a consequence of Holder’s inequality and (b) 
is shown by approximating u and v by elements of K and repeatedly applying 
Holder’s inequality. 
THEOREM 3. There exists at most one weak solution of (I’,,) ;f assumptions 
(a) and(b) hold. 
Proof. Let u = v - V where v and V are weak solutions of (I’s). For 
everywEi%?t, 
t1 
/.I o o (wut + w,(o(v,) - u(V,)) dx dt = 0. 
Letting w = u and using assumption (b), we have 
1 ta ss o oat u2 dx dt < 0. 
Since the trace mappings are continuous, the above implies 
j; [T&X)]” dx - j1 [~,,u(x)]~ dx < 0. 
0 
Since rev = T~V, T~ZA = 0. Therefore, for every t E (0, to), T~U = 0. Hence, 
u = 0 and v = V. 
To deduce the existence of a weak solution, we need the following lemma: 
LEMMA 2. Suppose (T satisfies (1.2), assumptions (a) and (b) and, for all 
IE(--03, a), 
u’(t) 2 m > 0. (3.3) 
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If v is a solution of (PA), 0 < A < 1, then there exists C > 0, independent of A, 
such that for any t, > 0, 
1; II vt II2 (4 dt + ,: II v, II2 (9 dt < CT (3.4.a) 
s 
to 
h I/ vts II2 (0 dt d C, (3.4.b) 
0 
and 
II viz II (to) G c. (3.4.c) 
Proof. Multiplying both sides of (1.1) by V, integrating over 
[0, l] x [0, to], integrating by parts and using (1.4), we have 
,;I; [(;) ; (v” + hvz2) + u(vJ v%] dx dt = 0. 
By (1.2) and (3.3) this implies 
m 1; II v, II2 0) dt + 4 (II v II2 kJ + A II a, /I2 (to>> G 8 11 W(x) + ~h’(~))21 dx. 
Thus 
I ; II vx II2 0) dt < & 1: [vo2(x> + h’W21 dx. (3.5) 
Multiplying both sides of (1.1) by vt , integrating over [0, l] x [0, to], 
integrating by parts and using (1.4), we have 
to 1 
IS 





1s 0 0 
v,tu(vx) dx dt = [;I: ; (I;“’ u(t) d[) dx dt 
1 v,(r.t,) 
= Sf 45) d5 dx - Co , 0 0 
co = ~:,:“’ u(E) df dx, 
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we have 
By (1.2) and (3.3) 
1 vJz.t,) 
J-s u(4) d5 dx 2 m II v, Ii2 (to). 0 0 
Therefore, 
m II 0, II2 (td + 1: II vt II2 (t) dt + A 1: II vtz II2 W dt d CO . 
This inequality and (3.5) imply (3.4). 
THEOREM 4. If (J satisjies the hypotheses of Lemma 3, then there exists a 
unique weak solution of (PO) in Xt . 0 
Proof. We now denote the solution of problem (PJ, h > 0, by v~. Since 
(1.4) and (3.4.a) hold, 
II vA II; < (jr (II vtn Ii2 (4 + 2 II v,,’ /I2 (4) dt < 2C. 
The above inequality and Lemma 5.1 of [5] imply the existence of a sequence 
{v”} and an element zi” E St0 such that vA - v” in Hi, and V~ -+ vu0 in L, . To 
show that v” is a weak solution, we first show that (3.2) holds. Clearly, vA - v” 
in Xt , 0 < t < to. This and V~ being a solution of (PJ imply, for w E Xt , 
0 = j:j:, [WV th + w,&,“) + hw,v;,] dx dt + 
js 






w,& dx dt - 0, 
0 0 
AZ? - A@ 




( fS A 0 0 wg&dxdt)2<h2(~~ II wx II2 0) dt) (1: II wit /I2 (4 dt) 9 
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which goes to zero by (3.4.b). Hence (3.6) holds. By Theorem 2, (3.7) holds if 
(3.1) is true. Since (1.4) holds, 
t 1 
(A79, d - zQ1 = 
J-s (%TA - 
v,O) u(zI,~) dx dt 
0 0 
t =-IS ’ (v” - v”) ; u(e)zI\) dx dt 0 0 
z- j; ,: (v” - v”) vtl\ dx dt + h j: j: (~2” - 713 & dx dt. 
By Cauchy-Schwarz, we deduce 
(Av”, v” - v”); < 2 j: j: (v” - w’)~ dx dt j; j: (vt”)” dx dt 
+ 2h2 j; j: (v; - 71,“)” dx dt j: j: (&)’ dx dt. 
The first term on the right goes to zero since (3.4.a) holds and vd -+ ZJO in 
L,; the second term since (3.4a) and (3.4b) hold. Hence, (3.7) is true. 
Clearly, rove = no . 
Remark. If the Holder condition of our earlier remark together with a 
Holder condition of exponent /3 on u’ holds and if no E C2,J0, 11, the weak 
solution of Theorem 4 is, by uniqueness, the classical smooth solution of 
[6, p. 2671. 
REFERENCES 
1. H. BREZIS, Equations et inequations non lineaires dans les espaces vectoriels en 
dualite, Ann. Inst. Fourier, Grenoble 18 (1968), 115-175. 
2. F. E. BROWDER, Strongly nonlinear parabolic boundary value problems, Amer. J. 
Math. 86 (1964), 339-357. 
3. B. D. COLEMAN, R. J. DUFFIN, AND V. J. MIZEL, Instability, uniqueness, and 
nonexistence theorems for the equation ut = a,, - azts on a strip, Arch. Rutional 
Mech. Anal. 19 (1965), 100-116. 
4. B. D. COLEMAN AND W. NOLL, Approximation theorem for function& with 
applications in continuum mechanics, Arch. Rational Mech. Anal. 6 (1960), 355-370. 
5. E. HOPF, Uber die Anfangswertaufgabe fur die hydrodynamischen Grund- 
gleichungen, Math. Nuch. 4 (1950), 213-231. 
6. 0. A. LADYZENSKAJA AND N. N. URAL’CEVA, Boundary problems for linear and 
quasilinear parabolic equations, Amer. Math. Sot. Trans. Ser. 2 47 (1956), 217-299. 
7. R. E. SHOWALTER AND T. W. TING, Pseudoparabolic partial differential equations, 
SIAM J. Math. Anal. 1 (1970), l-26. 
8. T. W. TING, Certain non-steady flows of second order fluids, Arch. Rational Mech. 
Anal. 14 (1963), l-26. 
